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ON THE GENERICITY OF POSITIVE EXPONENTS OF
CONSERVATIVE SKEW PRODUCTS WITH
TWO-DIMENSIONAL FIBERS
DAVI OBATA AND MAURICIO POLETTI
Abstract. In this paper we study the existence of positive Lyapunov
exponents for three different types of skew products, whose fibers are
compact Riemannian surfaces and the action on the fibers are by volume
preserving diffeomorphisms. These three types include skew products
with a volume preserving Anosov diffeomorphism on the basis; or with
a subshift of finite type on the basis preserving a measure with product
structure; or locally constant skew products with Bernoulli shifts on
the basis. We prove the C1-density and Cr-openess of the existence of
positive Lyapunov exponents on a set of positive measure in the space
of such skew products.
1. Introduction
In the 60’s, Smale had obtained several results about dynamical impli-
cations of uniform hyperbolicity (see [21]). Since then, uniform hyperbolic
dynamics have been very well understood. For instance, hyperbolic transi-
tive sets have several features, such as a symbolic dynamics associated to it,
existence of periodic points and horseshoes, positive entropy, ergodicity (in
the volume preserving scenario), etc. Even though, uniform hyperbolicity is
a C1-open property, it is not a C1-dense property.
For invariant measures, Pesin proposed in [19] a weaker notion of hyper-
bolicity, called non-uniform hyperbolicity. A diffeomorphism f that pre-
serves a probability measure µ is called non-uniformly hyperbolic if all its
Lyapunov exponents are non-zero (see [4] for precise definitions). It turns
out that non-uniform hyperbolicity also imply several interesting features
of the dynamics, such as existence of periodic orbits and horseshoes [13],
countably many ergodic components for smooth measures [19], etc.
Given a probability measure µ on a compact Riemannian manifold M ,
one can consider the space of Cr-diffeomorphisms that preserves this mea-
sure Diffrµ(M). A natural question is to know how frequent is non-uniform
hyperbolicity in Diffrµ(M)?
There are several results related to this question, most of them for the
case when µ is the Lebesgue measure. For instance, a remarkable result
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by Man˜e´ [17] and Bochi [6] proved that on surfaces any area preserving
diffeomorphism which is not Anosov can be C1-approximated by an area
preserving diffeomorphism with some zero Lyapunov exponent (see section
2 for the definition of Anosov diffeomorphism).
In this paper we address this question for some skew products over hy-
perbolic maps. Let us define the scenarios we will be working with.
Let M˜ be a smooth, compact, connected and oriented manifold and S be
a smooth, compact and connected surface. Consider a fiber bundle M over
M˜ , defined by a smooth projection π : M → M˜ , with fibers diffeomorphic
to S. For a point x ∈ M , we write Sx the fiber that contains the point x.
We say that a diffeomorphism f : M →M preserves fibers if for any x ∈M
it holds Sf(x) = f(Sx).
A diffeomorphism f is partially hyperbolic if there is a Df -invariant de-
composition of the tangent bundle TM = Es ⊕ Ec ⊕ Eu, such that Df |Es
contracts, Df |Eu expands and the behavior of Df |Ec is bounded by the con-
traction along Es and the expansion along Eu, see section 2.2 for a precise
definition.
For the fiber bundle M a diffeomorphism f : M → M is a partially
hyperbolic skew product if the following holds:
• f preserves fibers;
• f is a partially hyperbolic diffeomorphism, with splitting TM =
Es ⊕ Ec ⊕ Eu, such that Ec = kerDπ.
Let leb be the normalized Lebesgue measure on M and define SP rleb(M)
to be the set of Cr-partially hyperbolic skew products that preserve the
Lebesgue measure. In the space SP rleb(M) we consider the C
rˆ-topology, for
any rˆ ≤ r.
By Oseledets’ theorem (see for instance [4]), for Lebesgue almost every
point x ∈M , the greatest and smallest Lyapunov exponents along the center
direction, defined respectively by
λ+c (x) = lim
n→+∞
1
n
∥∥Dfn(x)|Ecx∥∥ and λ−c (x) = − limn→+∞
1
n
∥∥Df−n(x)|Ecx∥∥,
exist. The conditions in the definition of partially hyperbolic skew product
implies that detDf(x)|Ecx = 1 (see section 2). This implies that for almost
every point x ∈ M it is verified that λ−c (x) = −λ
+
c (x). We define the
integrated Lyapunov exponent along the center direction by
L(f) =
∫
M
λ+c (x)dleb(x).
An important notion in the study of Lyapunov exponents for partially
hyperbolic diffeomorphisms is the notion of center bunching, this is used to
obtain the existence of linear holonomies, see section 2 for a precise defini-
tion. In this paper we prove the following theorem.
Theorem A. For any r > 1, among the volume preserving, Cr-partially
hyperbolic skew products that are center bunched, there exists a C1-dense
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and Cr-open subset of diffeomorphisms verifying the following: if f belongs
to this subset, then L(f) > 0.
We say that f ∈ SP rleb(M) is non-uniformly hyperbolic if for Lebesgue al-
most every point it holds that λ+(x) > 0. From [3] (or [12]), it is known that
ergodicity is C1-open and Cr-dense in the setting of the previous theorem.
The next result follows immediately from theorem A.
Corollary 1.1. In the same setting of theorem A, there exists a C1-dense
and Cr-open subset such that any diffeomorphism in this subset is non-
uniformly hyperbolic.
With some extra condition (called pinched), Marin in [18], proved the
density of non-uniform hyperbolicity for partially hyperbolic maps volume
preserving maps with 2-dimensional center direction, in her argument ac-
cessibility and volume preserving are crucial properties because they used
the results of [2]. As our argument is not based on [2], we do not use acces-
sibility and neither all the properties of the volume preserving maps, so we
can extend our results to more general skew products.
Let Σ be a compact metric space with no isolated points, let σ : Σ → Σ
be a hyperbolic homeomorphism and µ˜ be a σ-invariant measure that has a
property called local product structure (see section 2.3 for precise definitions).
This property holds for important measures such as the equilibrium states
of Ho¨lder potentials (see [8]).
Let S be a compact, oriented Cr-surface. Fix some α > 0, by abuse of
notation let leb be the normalized Lebesgue measure on S and Diffrleb(S) be
the space of Cr diffeomorphisms that preserves leb. Given a (H,α)-Ho¨lder
map from Σ to Diffrleb(S), x˜ 7→ fx˜, by this we mean that
dC rˆ(fx˜, fy˜) ≤ H dΣ(x˜, y˜)
α.
We define the skew product
f : Σ× S → Σ× S
(x˜, t) 7→ f(x˜, t) = (σ(x˜), fx˜(t)).
Observe that such a skew product preserves the measure µ := µ˜× leb. Such
a map is called Cr,α-skew product over σ that preserves µ.
From now on fix C, α and r ≥ 1 + α, we write SP r,ασ,µ (Σ× S) for the
space of such skew products over σ. In this space we consider the C rˆ-
topology, for any rˆ ≤ r defined as follows: for any two Cr,α-skew products
f, g ∈ SP r,ασ,µ (Σ× S), the C rˆ distance between f and g is
(1) dC rˆ(f, g) = sup
x˜∈Σ
dC rˆ(S)(fx˜, gx˜),
where dC rˆ ,x˜(fx˜, gx˜) is the C
rˆ distance on Diffrleb(S). Keep in mind that σ is
always fixed.
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As our map f is smooth on the fiber direction, we can define the center
Lyapunov exponents as
λ+(x˜, t) = lim
n→+∞
1
n
‖Dfnx˜ (t)‖ and λ
−(x˜, t) = − lim
n→+∞
1
n
∥∥Df−nx˜ (t)∥∥,
where fnx˜ = fσn−1(x˜) ◦ · · · ◦ fx˜. This is defined µ-almost everywhere.
Similar to the notion of center bunching, there is a notion of fiber bunching
which guarantees the existence of linear holonomies, see section 2 for precise
definitions.
Theorem B. Let σ be a hyperbolic homeomorphism and let µ˜ be a σ-
invariant measure with local product structure. For any r > 1 and α > 0,
there exists a C1-dense and Cr-open subset of SP r,ασ,µ (Σ× S) verifying the
following: if f belongs to this subset, then L(f) > 0.
In Theorem B we need to fix the Ho¨lder constant because, as opposed
to the Cr distance in the setting of Theorem A, the distance defined in (1)
does not take in account the relation between the Ho¨lder norm of x˜ 7→ fx˜
and x˜ 7→ gx˜. This hypothesis can be replaced by a finer C
r topology that
takes into account the Ho¨lder distance between the maps defining f and g.
Remark 1.2. Actually in theorems A and B the open sets are C1 open sets
on subsets of Cr with bounded Cr norm if r < 2 and bounded C2 norm if
r ≥ 2.
A particular case very studied in the literature is called random product
of diffeomorphisms, see for instance [14], [10]. This is defined by a set of Cr-
diffeomorphisms f1, . . . , fd ∈ Diff
r
leb(S) and p1, . . . , pd positive real numbers
such that p1 + · · · + pd = 1 where the probability p of the diffeomorphism
fi to act on S is pi. Formally this is a skew product of over the shift map
in {1, . . . , d}Z with Bernoulli probability P = pZ. With our techniques, we
obtain the following theorem.
Theorem C. Given d ∈ N and some probability on p on {1, . . . , d} then
in Diff leb(S)
d there exist a C1 open and dense set such that if (f1, . . . , fd)
belongs to this set its random product has positive integrated Lyapunov
exponents.
Observe that in this case we actually get a C1 open set.
We can only get C1 density because we use the result of [16] where they
prove the C1 density of volume preserving diffeomorphisms with positive
Lyapunov exponents to find what we call pinching points (see definition 3.7),
this result is not known in the Cr topology.
With some information on the periodic diffeomorphism, pinching can be
found in some higher regularity, as we explain in section 9.1 we have the
following result.
Theorem D. Let f be as in theorem A, B or C and there exist some periodic
fiber Sp˜ such that fp˜ : Sp˜ → Sp˜ has an elliptic periodic point. Then f is
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Cr-accumulated by open sets with positive integrated Lyapunov exponents.
Moreover, in the random product case this sets are C1 open.
Acknowledgements. The author would like to thank Sylvain Crovisier
for useful conversations. D.O. and M.P were supported by the ERC project
692925 NUHGD.
2. Preliminaries and precise statements
In this section we recall some definitions and give the precise statements
of the main theorems.
2.1. Disintegration of measures. Let M be a fiber bundle over M˜ , µ be
a probability measure onM and µ˜ = π∗µ, we say that a family of probability
measures x˜ 7→ µx˜, defined µ˜-almost everywhere, is a disintegration of µ with
respect to the fibers if
• for every A ⊂M , x˜ 7→ µx˜(A) is measurable,
• µ(A) =
∫
µx˜(A)dµ˜(x˜),
• µx˜(π
−1(x˜)) = 1.
The partition into fibers verifies a measurability condition and by Rokhlin
disintegration theorem (see [23] chapter 5 for details) for any probability
measure µ there exists a disintegration of µ with respect to the fibers. More-
over this disintegration is unique almost everywhere.
2.2. Partial hyperbolicity and restatement of theorem A. A Cr-
diffeomorphism f : M → M is partially hyperbolic if the tangent bundle
has a Df -invariant decomposition TM = Es ⊕ Ec ⊕ Eu and there is a
riemannian metric such that for any x ∈M it holds∥∥Df(x)|Esx∥∥ < 1 < m(Df(x)|Eux ),∥∥Df(x)|Esx∥∥ < m(Df(x)|Ecx) ≤ ∥∥Df(x)|Ecx∥∥ < m(Df(x)|Eux ),
where m(Df(x)) =
∥∥Df(x)−1∥∥−1 is the co-norm. It is well known that the
distribution Es is uniquely integrable, that is, it exists a unique foliation
Fs tangent to Es, whose leaves are Cr immersed submanifolds. For a point
x ∈ M we denote the leaf of such foliation that contains x by W ss(x) and
we call it the strong stable manifold of x. Similarly, we define the strong
unstable manifold of x and denote it by W uu(x). If the subbundle Ec is
trivial, then we say that f is Anosov.
Recall that SP rleb(M) is the space of partially hyperbolic skew products,
for the fiber bundle M , with fibers S and base M˜ . Let f ∈ SP rleb(M), the
invariance of the fibers implies that there exists some Cr-diffeomorphism
f˜ : M˜ → M˜ such that f˜ ◦ π = π ◦ f . Since π is a smooth map, µ˜ = π∗leb is
a smooth volume measure in M˜ .
Let x → µcx be the disintegration of leb on the fibers Sx. Since M is a
smooth fiber bundle, the measure µcx is a smooth volume measure on Sx and
x → µcx is continuous in the weak
∗ topology. Observe that the invariance
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of leb implies that for µ˜-almost every x˜ ∈ M˜ , fx˜∗µ
c
x˜ = µ
c
f˜(x˜)
, then by the
continuity of the disintegration, this is actually true for every x˜ ∈ M˜ .
Lemma 2.1. f˜ : M˜ → M˜ is an Anosov diffeomorphism.
Proof. Since the directions Ec and Es have angle bounded away from 0,
there exists a constant C > 0 such that for every v ∈ Esx, it holds
1
C
‖v‖ ≤ ‖Dπ(x)v‖ ≤ C‖v‖.
Let x˜ = π(x) and define E˜sx˜ = Dπ(x)E
s
x. Since Dπ(f(x))Df(x) =
Df˜(x˜)Dπ(x), for v˜ ∈ E˜sx˜ such that v˜ = Dπ(x)v, with v ∈ E
s
x, for every
n ∈ Z we have ∥∥∥Df˜n(x˜)v˜∥∥∥ = ‖Dπ(fn(x))Dfn(x)v‖
≤ C‖Dfn(x)v‖
≤ C2
∥∥Dfn(x) |Esx∥∥‖v˜‖.
Analogously, C−2
∥∥∥Dfn(x) |Esx−1
∥∥∥−1‖v˜‖ ≤ ∥∥∥Df˜n(x˜)v˜∥∥∥, hence, any v˜ ∈ E˜sx˜
is contracted exponentially fast when n → ∞ and expanded exponentially
fast when n → −∞. We can also define E˜ux˜ = Dπ(x)E
u
x , this subspace is
contracted when n→ −∞ and expanded when n→∞.
Since TxM = E
s
x ⊕ E
u
x ⊕ E
c
x and E
c
x = kerDπ(x), we conclude that
Tx˜M˜ = E
s
x˜⊕E
s
x˜. The exponential expansion and contraction of these direc-
tions implies that this subspaces are uniquely defined, meaning they do not
depend on x ∈ π−1(x˜). We can define such a splitting for any x˜ ∈ M˜ and
conclude that Df˜(x˜)E˜∗x˜ = E˜
∗
f˜(x˜)
for ∗ = u, s, therefore f˜ is Anosov. 
Definition 2.2 (α-center bunching). A C1-partially hyperbolic diffeomor-
phism f is α-center bunched if for every x ∈M it holds∥∥Df(x)|Ecx∥∥
m(Df(x)|Ecx)
∥∥Df(x)|Esx∥∥α < 1 and 1 < m(Df(x)|Ecx)∥∥Df(x)|Ecx∥∥ m(Df(x)|Eux )
α.
Observe that this condition is C1-open. For α > 0, we define CBr,αleb (M) as
the C1-open set of α-center bunched, Cr-diffeomorphisms inside SP rleb(M).
If α = 1 we just write CBrleb(M) := CB
r,1
leb(M). We now state the precise
statement of theorem A
Theorem A. If r = 1+ α, for α ∈ (0, 1), it exists a C1-dense and Cr-open
subset of CBr,αleb (M) such that for any diffeomorphism f in this subset it
holds that L(f) > 0. If r ≥ 2, then the same result holds inside CBrleb(M).
2.3. Hyperbolic homeomorphisms and restatement of theorem B.
Let Σ be a compact metric space with no isolated points. A homeomorphism
σ : Σ → Σ is called hyperbolic if for some ǫ > 0, for any x˜ ∈ Σ, there exist
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local stable and unstable sets of x˜ with respect to σ defined by
W sloc (y˜) = {x˜,d(σ
k(x˜), σk(y˜)) < ǫ for every k ≥ 0} and
W uloc (y˜) = {x˜ : d(σ
k(x˜), σk(y˜)) < ǫ for every k ≤ 0}.
such that there exist 0 < λ < 1 and τ > 0 with the properties
(i) d(σn(y˜1), σ
n(y˜2)) ≤ λ
n d(y˜1, y˜2) for any y˜ ∈ Σ, y˜1, y˜2 ∈ W
s
loc(y˜) and
n ≥ 0;
(ii) d(σ−n(y˜1), σ
−n(y˜2)) ≤ λ
n d(y˜1, y˜2) for any y˜ ∈ Σ, y˜1, y˜2 ∈ W
u
loc(y˜)
and n ≥ 0;
(iii) if d(x˜, y˜) ≤ τ , then W uloc(x˜) and W
s
loc(y˜) intersect in a unique point,
which is denoted by [x˜, y˜] and depends continuously on x˜ and y˜.
Anosov diffeomorphisms, Markovian shifts, non trivial hyperbolic atractors
and horseshoes are examples of hypebolic homeomorphisms. Property (iii)
defines a local product structure of Σ, this means for every x˜ ∈ Σ there
exists a neighborhood x˜ ∈ V ⊂ Σ such that [·, ·] : W sloc(x˜) ×W
u
loc(x˜) → V,
(y˜, z˜) 7→ [y˜, z˜] is a homeomorphism.
Definition 2.3. Let µˆ be a σ-invariant probability measure, we say that
µˆ has product structure if locally in the product coordinates we can write
µˆ = ρµs×µu, where µs is a measure on W sloc(x˜), µ
u is a measure on W uloc(x˜)
and ρ is a positive measurable function. We also assume that µˆ is fully
supported.
The local product structure property is verified by equilibrium states
of Ho¨lder potentials, also for the Lebesgue measure for Anosov diffeomor-
phisms. Consider the normalized Lebesgue measure on S, which by abuse
of notation we write leb, and define µ = µˆ × leb. Observe that this is a
f -invariant probability measure for every f ∈ SP r,ασ,µ (Σ× S).
Take β > 0, we say that f is β-fiber bunched if for any x˜ ∈ Σ it holds
(2)
‖Dfx˜‖
m(Dfx˜)
λβ < 1 and
∥∥Df−1x˜ ∥∥
m(Df−1x˜ )
λβ < 1,
where ‖Dfx˜‖ = sup
t∈Sx˜
{‖Dfx˜(t)‖} and m(Dfx˜) = sup
t∈Sx˜
{‖Dfx˜(t)
−1‖−1}. Ob-
serve that this condition is C1-open. Define FBr,βleb(Σ × S) as the set of
β-fiber bunched skew products inside SP r,ασ,µ (Σ× S).
Theorem B. Let σ : Σ → Σ be a hyperbolic homeomorphism and µˆ a σ-
invariant probability measure with product structure let µ = µ˜×leb. For r >
1 and α > 0, there exists a Cr-open and C1-dense subset of FBr,α
2
leb (Σ× S) ⊂
SP r,ασ,µ (Σ× S) such that any f belonging to this subset verifies L(f, µ) > 0.
3. Holonomies and the invariance principle
In this section we are going to define the key concepts of holonomies that
we are going to use. We will also introduce the invariance principle, which
has been used many times in the study of Lyapunov exponents for cocycles.
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3.1. Holonomies. Recall that by lemma 2.1, f˜ : M˜ → M˜ is an Anosov
map, in particular it is a hyperbolic homeomorphism. Therefore, we will
define the following concepts in the topological setting.
For x˜ ∈ Σ, we denote Sx˜ the fiber over x˜. In the topological case, as the
space is a product the sub-index is not important but we use it just to stress
that the definitions work for smooth fiber bundles.
We say that f admits α-Ho¨lder stable holonomies if for every y˜ ∈W sloc(x˜)
there exist functions hsx˜y˜ : Sx˜ → Sy˜ such that
(a) hs
σj (x˜),σj(y˜) = f
j
y˜ ◦ h
s
x˜,y˜ ◦ (f
j
x˜)
−1 for every j ≥ 1;
(b) hsx˜,x˜ = id and h
s
x˜,y˜ = h
s
z˜,y˜ ◦ h
s
x˜,z˜, for any z ∈W
s
loc(x˜);
(c) there exists L > 0 such that dΣ×S(h
s
x˜,y˜(t), t) ≤ L dΣ(x˜, y˜)
α for every
t ∈ Sx˜;
(d) x˜, y˜ 7→ hsx˜,y˜ is uniformly continuous in {x˜, y˜ ∈ Σ : y˜ ∈W
s
loc(x˜)}.
For p ∈ Σ× S define Dfc(p) := Dfpi(p)(p), where π : Σ× S → Σ is the
natural projection. We define the local strong stable set of x ∈ Σ× S as the
set
(3) W ssloc(x) = {h
s
y˜,x˜(x), where x˜ = π(x) and y˜ ∈W
s
loc(x˜)}.
We remark that while the set W sloc(x˜) is the strong stable set for σ con-
tained in the basis Σ, the set W ssloc(x) is the strong stable set for the skew
product f , which is contained in Σ × S, see figure 1. We also remark that
π(W ssloc(x)) =W
s
loc(x˜).
~x ~y
x
W sloc(~x)
W ssloc(x)
Σ
S~x
S~y
y = hs
~y;~x(x)
Figure 1. The strong stable set
Let TS = {(x˜, t, v); (x˜, t) ∈ Σ×S, v ∈ TtSx˜} be the fiber bundle tangent to
S. For y ∈W ssloc(x), we say that f admits α-Ho¨lder linear stable holonomies,
if there exist maps Hsxy : TxSx˜ → TySy˜ such that:
(a) Hs
fj(p),fj(q)
= Df jc (q) ◦Hsp,q ◦ (Df
j
c (p))−1, for every j ≥ 1;
(b) Hsp,p = id and H
s
p,q = H
s
z,q ◦H
s
p,z, for any z ∈W
ss
loc(p);
(c) there exists L > 0 such that dTS(H
s
p,q(v), v) ≤ L d(p, q)
α;
(d) p, q 7→ Hsp,q is uniformly continuous in {p, q ∈ Σ× S; q ∈W
ss
loc(p)}.
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We are going to prove the existence of the holonomies for fiber-bunched
skew products of SP r,ασ,µ (Σ× S).
Proposition 3.1. If f is α-fiber bunched, then for every x˜ ∈ W sloc(y˜) the
limit
lim
n→∞
(fny˜ )
−1 ◦ fnx˜ ,
exists and defines an α-Ho¨lder stable holonomy.
Proof. For n sufficiently large we can identify Sσn(x˜) with Sσn(y˜) using local
charts. Define hn = (fny˜ )
−1 ◦ fnx˜ . We are going to prove that the maps
hn : S → S form a Cauchy sequence in the C0(S)-topology. Using (2) and
that fx˜ varies α-Ho¨lder continuously with the base point, we obtain the
following estimate
d(hn+1(t), hn(t)) = d
(
(fny˜ )
−1 ◦ f−1
f˜n(y˜)
◦ f
f˜n(x˜) ◦ f
n
x˜ (t), (f
n
y˜ )
−1 ◦ fnx˜ (t)
)
≤ sup
t∈S
∥∥(Dfny˜ (t))−1∥∥ dC0(S)
(
f−1
f˜n(y˜)
◦ ff˜n(x˜), id
)
≤ sup
t∈S
∥∥(Dfny˜ (t))−1∥∥Cλnα d(x˜, y˜)α
≤ Cθn d(x˜, y˜)α,
for some θ ∈ (0, 1). Hence, (hn)n∈N is a Cauchy sequence and converges
uniformly in the C0-topology. Thus, we define hsx˜,y˜ = limn→∞ h
n. The
properties of the holonomy follow directly from the definition of the limit.

The hypothesis in proposition 3.1 could be weakened. Indeed, we do not
need the α-fiber bunching condition, but something weaker that can be seen
as a type of “dominated splitting” condition (the contraction on the basis
is stronger than the contractions on the fibers). Similar considerations also
hold for the unstable holonomies.
Remark 3.2. For the smooth case the holonomy can also be defined by
the strong stable foliation restricted to a center stable manifold, specifically
hx˜y˜(t) =W
ss
loc(t) ∩ Sy˜.
To define the α-Ho¨lder linear stable holonomy we first need to find the
contraction rate of f in the strong stable set.
Take (x˜, t) and (y˜, hsx˜y˜(t)) in the same strong stable set, then
dS(f
n(hsx˜,y˜(t)), f
n(t)) = dS(h
s
f˜n(x˜)f˜n(y˜)
fn(t), fn(t))
≤ L dΣ(f˜
n(x˜), f˜n(y˜))α
≤ Lλα dΣ(x˜, y˜)
α
≤ Lλα dΣ×S((x˜, t), (y˜, h
s
x˜y˜(t)))
α
so the contraction rate is at least λα.
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Proposition 3.3. If f is α2-fiber bunched, then for every x ∈ W ssloc(y) the
limit
lim
n→∞
(Dfnc (y))
−1 ◦Dfnc (x),
exists and defines an α-Ho¨lder linear stable holonomy.
Proof. For n sufficiently large we can identify Tfn(x)Sσn(x˜) with Tfn(y)Sσn(y˜)
using local charts, also observe that as r − 1 ≥ α there exists C > 0 such
that∥∥(Dfny˜ (t))− (Dfnx˜ (t′))∥∥ ≤ H dΣ(x˜, y˜)α + ‖f‖Cmin(r,2) dS(t, t′)min(r−1,1)
≤ C dΣ×S((y˜, t)(x˜, t
′))α.
Define Hn = (Dfnc (y))
−1 ◦Dfnc (x). We are going to prove that (H
n)n∈N
is a Cauchy sequence.∥∥Hn+1 −Hn∥∥ = ∥∥(Dfn+1c (y))−1 ◦Dfn+1c (x)− (Dfnx (y))−1 ◦Dfnc (y)∥∥
≤
∥∥(Dfnc (y))−1∥∥∥∥(Dfc(fn(y)))−1 ◦Dfc(fn(x)) − id∥∥‖(Dfnc (x))‖
≤ C
∥∥(Dfnc (y))−1∥∥‖(Dfnc (x))‖ d(fn(x), fn(y))α
≤
∥∥(Dfnc (y))−1∥∥‖(Dfnc (x))‖λα2n d(x, y)α.
Observe that the α2-fiber bunching condition is open, in particular, there
exist θ ∈ (0, 1) and δ > 0 such that if d(x′, y′) < δ, then∥∥(Dfc(y′))−1∥∥∥∥(Dfc(x′))∥∥λα2 < θ.
Therefore, for j sufficiently large∥∥Dfc(f j(y))−1∥∥∥∥Dfc(f j(x))∥∥λα2 < θ.
Thus, ∥∥Hn+1 −Hn∥∥ ≤ Cθn d(x, y)α.
The sequence (Hn)n∈N is a Cauchy sequence and converges uniformly. De-
fine Hsx,y = limn→∞H
n. The properties of the holonomy follow directly
from the definition of the limit. 
Remark 3.4. For the C1+α-diffeomorphism case as the α-center bunching
condition takes in account the contraction over the strong stable direction
the argument works with α-center bunching instead of α2-fiber bunched.
Remark 3.5. In the C1+α-diffeomorphism case, the existence of the linear
holonomies, given by proposition 3.3, does not imply that the holonomy
maps hs are C1. Indeed, to conclude that the maps hs are C1, one needs
to prove that the sequence (hn)n∈N is Cauchy for the C
1-topology, where
this sequence was defined in the proof of proposition 3.1. The calculation
becomes more delicate and in fact one needs a stronger bunching condition,
see [9].
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Remark 3.6. Observe that the convergence in propositions 3.1 and 3.3 is
uniform in sets with bounded Ho¨lder constant.
This implies that the holonomies hs and hu vary continuously with f with
respect to the C0 topology in subsets with bounded Ho¨lder constant, and
the linear holonomies Hs and Hu vary continuously with f with respect
to the C1 topology on subsets on subsets with bounded Ho¨lder constant of
Dfc.
In particular in the random product case the holomies varies continuously
with f1, · · · , fk in the C
1 topology.
Analogously we define the unstable and linear unstable holonomies as the
stable and linear stable holonomies for f−1.
3.2. The invariance principle and criterion for the existence of pos-
itive exponents. Let f ∈ FBr,α
2
leb (Σ× S) be a skew product over a hyper-
bolic homeomorphism σ : Σ → Σ. In [7], Bowen proved that a hyperbolic
homeomorphism is semi-conjugated to a subshift of finite type. In partic-
ular, the set of periodic points of σ is non empty. Also using the symbolic
dynamics associated to σ, it holds that for any periodic point p˜ it exists
z˜ ∈ Σ such that z˜ ∈W uloc(p˜) ∩ σ
−i(W sloc(p˜))− {p˜}, for some i ∈ N.
Definition 3.7 (Pinching). We say that the cocycle (f,Dfc) is pinching if
there exist a periodic point p˜ ∈ Σ, for σ, such that the cocycle (fκp˜ ,Df
κ
p˜ )
verifies ∫
Sp˜
λ+(Dfκp˜ , t)dµ
c
p˜(t) > 0,
where κ is the period of p˜.
Let p˜ be a periodic point for σ of period κ. Consider NUHp˜ ⊂ Sp˜ to
be the set of points t inside Sp˜ such that λ
+(Dfκp˜ , t) > 0. Let PSp˜ be
the projectivization of the tangent bundle TSp˜. By Oseledets theorem, on
NUHp˜ there exists a measurable function t 7→ (e
u(t), es(t)) ∈ PSp˜ × PSp˜,
where eu(t) is the Oseledets space corresponding to the positive Lyapunov
exponent and es(t) is the Oseledets space corresponding to the negative
exponent.
Definition 3.8 (Twisting). Let (f,Dfc) be a pinching cocycle for the peri-
odic point p˜ ∈ Σ. We say that the cocycle is twisting (see figure 2) if there
exist j ∈ N, z˜ ∈ W˜ uloc(p˜)∩
(
f˜−i(W˜ sloc(p˜))− {p˜}
)
and a set K ⊂ NUHp˜ such
that µcp˜(K) > 0 and K verifies the following:
(Ht)
j
∗
(
{e+(t), e−(t)}
)
∩ {e+(hj(t)), e−(hj(t))} = ∅,
where
– h : Sp˜ → Sp˜ is the composition h
s
σi(z˜),p˜ ◦ f
i
z˜ ◦ h
u
p˜,z˜;
– Ht : TtSp˜ → Th(t)Sp˜ is the composition H
s
f i(tz˜),h(t)
◦Df iz˜(tz˜) ◦H
u
t,tz˜
,
where tz˜ = h
u
p˜,z˜(t);
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– (Ht)
j = Hhj−1(t) ◦ · · · ◦Ht;
– (Ht)
j
∗ is the action induced by H
j
t on the projective bundle PSp˜.
t
h(t)
Sp Sz
Eut
HEst
Esh(t)
Euh(t)
HEut
Figure 2. Twisting
These two definitions combined with the invariance principle gives us a
criterion (theorem 3.11) for the existence of positive exponents for a open
set of SP r,ασ,µ (Σ× S). Let us explain how this follows.
Recall that TS = {(x˜, t, v); (x˜, t) ∈ Σ × S, v ∈ TtSx˜} is the fiber bundle
tangent to S, the derivative cocycle Dfc : TS → TS induce an action on
the projective fiber bundle PS, which we will denote it by F : PS → PS.
For a probability measure m on PS, that projects on µ, we write mx the
disintegration of m with respect to the projective fibers PxSx˜.
A F -invariant measure m is an u-state if there exists a set of full µ-
measure, M ′ ⊂M , such that for every x, y ∈M , with y ∈W uu(x), we have
that my = H
u
x,y∗
mx. One defines a s-state analogously, replacing the roles
of unstable by stable holonomies. If m is both s and u state, we call it a
su-state. Using results from [20], we have the following proposition.
Proposition 3.9. If (f,Dfc) pinching and twisting then it does not admit
a su-state projecting on µ.
Proof. Suppose that there exists m a F -invariant measure that is a su-state.
Observe that the holonomies h preserves volume on S.
By Proposition 7.1 of [20] there exist a disintegration that is su/c-invariant,
this means that for every x˜, y˜ ∈ Σ in the same stable set for µcx˜-almost every
t ∈ Sx˜
(4) (Hst,hs
x˜,y˜
(t))∗mt = mhsx˜,y˜(t)
and the same property changing stable by unstable.
The pinching condition implies that for µcp˜-almost every t ∈ NUHp˜, mt =
a(t)δeu(t) + b(t)δes(t), where a(t), b(t) ∈ R
+ with a(t) + b(t) = 1. Now (4)
implies that for µcp˜-almost every t ∈ NUHp˜ and for every j ∈ Z
a(t)δ
H
j
t e
u(t)
+ b(t)δ
H
j
t e
s(t)
= a(hj(t))δeu(hj(t)) + b(h
j(t))δes(hj(t))
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this contradicts the twisting condition. 
Lemma 3.10. If mk are u-states for Fk, that projects to µ such that Fk → F
and mk → m in the weak*-topology, then m is an u-state.
The proof of this lemma is very technical and also of independent interest.
We prove it in more generality in section section 8, see theorem 8.3.
Theorem 3.11. Let σ : Σ → Σ be a hyperbolic homeomorphism, µˆ be a
σ-invariant measure with product structure and let f ∈ FB1+α,α
2
leb (Σ × S).
If (f,Dfc) is pinching and twisting then L(f, µ) > 0, for µ = µˆ × leb.
Moreover, there exist a neighborhood of f in the Cr-topology with positive
integrated Lyapunov exponents.
Proof. By [2] if λc(Df) = 0 every F -invariant measure is an su-state, so
using proposition 3.9 we prove that L(f, µ) > 0.
For the second part assume that there exist fk → f with L(fk, µ) = 0,
then every Fk-invariant measure m
k is an su-state. Take a sub-sequence of
mk that converges to some m. By Lemma 3.10 m is a su-state, which is a
contradiction. 
We remark that if r ≥ 2 we can take α = 1 in the previous statement.
We also remark that the same theorem is true if f ∈ CBr,αleb (M).
4. The proof of theorem A
The main difference between the case when r = 1 + α and when r ≥ 2 is
the existence of the linear holonomies, which was treated in section 3. From
now on the proof is the same for both cases. So we suppose that r ≥ 2.
Let M be a fiber bundle over M˜ , with fiber S, and take f ∈ CBrleb(M).
By lemma 2.1, f induces a diffeomorphism f˜ : M˜ → M˜ which is Anosov.
Moreover, f˜ preserves µ˜ = π∗leb. As in the previous section, we write Dfc =
Df |Ec and recall that µ
c
x˜ is the disintegration of the Lebesgue measure on the
fiber Sx˜. Since M is a smooth bundle, the measure µ
c
x˜ is just the Lebesgue
measure on Sx˜.
In the following lemma we show how to perturb the cocycle (f,Dfc),
which is pinching, to obtain a cocycle that is also twisting.
Lemma 4.1. Let (f,Dfc) be a pinching cocycle for the periodic point p˜.
Then there exists g arbitrarily Cr-close to f such that the cocycle (g,Dgc) is
pinching and twisting. Moreover, gκ|Sp˜ = f
κ|Sp˜ , where κ ∈ N is the period
of the periodic point p˜ for f˜ .
Proof. Let K ⊂ Sp˜ be a compact set with the following properties:
• µcp˜(K) > 0;
• every point t ∈ K has one positive and one negative Lyapunov ex-
ponent for the cocycle (fκ,Dfc);
• the map t 7→ (eu(t), es(t)) is continuous on K, where eu(t) and es(t)
are the Osedelets spaces.
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Such compact sets always exist, see section 4.2.1 in [4]. Fix z˜ ∈ W uloc(p˜)
such that f˜ i(z˜) ∈ W sloc(p˜), with i > 0. Write h = h
s
f˜ i(z˜),p˜
◦ f iz˜ ◦ h
u
p˜,z˜. By the
formula given in proposition 3.1, we have that hup˜,z˜ only depends on f
n(z˜)
and fn(p˜), for n ≤ 0, and hs
f˜ i(z˜),p˜
only depends on fn+i(z˜) and fn(p˜), for
n ≥ 0.
Take t a density point of K and jt ∈ N such that h
jt(t) is also a density
point ofK, this is can be done because h preserves µcp˜ and as a consequence of
Poincare´ recurrence theorem (Referencia). We can take jt to be the smallest
natural number that verifies this condition for t. Let tz˜ = h
u
p˜,z˜(t) and let
Ht = H
s
f i(tz˜),h(t)
◦ Df iz˜(tz˜) ◦ H
u
t,tz˜
. For Ht, the map H
u
t,tz˜
only depends on
fn(t) and fn(z˜), for n ≤ 0, and Hs
f i(tz˜),h(t)
only depends on fn(h(t)) and
fn(f i(z˜)), for n ≥ 0.
If the twisting condition did not hold, then for almost every t′ ∈ K we
would have
(5) (Ht′)
jt′
(
{eu(t′), es(t′)}
)
∩ {eu(hjt′ (t′)), es(hjt′ (t′))} 6= ∅,
in particular, we can assume that this holds for t.
Take V ⊂ Sz˜ a neighborhood of tz˜ in Sz˜ small enough such that the sets V ,
· · · , hup˜,z˜ ◦h
j−1(V ) are pairwise disjoint. Also fix a small open neighborhood
of z˜, U˜ ⊂ M˜ , such that the sets U˜ , · · · , f˜ i−1(U˜ ) are pairwise disjoint.
Consider the neighborhood of z˜ given by U˜ × V .
Let D ⊂ R2 be the unitary disc and let U = Bd−2(0, 1) ⊂ Rd−2, where d
is the dimension of M and Bd−2(0, 1) is the unitary ball on Rd−2. Take a
smooth parametrization Φ : U ×D →M such that Φ(U ×D) ⊂ U˜ × V and
for each y ∈ U we have that Φ({y} × D) ⊂ π−1(π(Φ({y} × D)). We also
take Φ verifying Φ(0) = tz˜ and Φ
−1
∗ µ |V×U˜ is the standard volume in U ×D.
Using polar coordinates on D, we consider the vector field X(r′, θ) = r′ ∂
∂θ
.
Let ρ : [0, 1] → [0, 1] be a smooth bump function that verifies, ρ(r′) = 1 if
r′ ∈ [0, 13 ], and ρ(r
′) = 0 if r′ ∈ [23 , 1]. Using coordinates (y, r
′, θ) on U ×D,
where y ∈ U , we define the vector field Xˆ on U ×D by
(6) Xˆ(y, r′, θ) =
(
0, ρ(‖y‖)ρ(r′)r′
∂
∂θ
)
.
For T ∈ R, let φT be the flow generated by Xˆ. Observe that φT = id
in a neighborhood of the boundary of U × D, also that φT (0) = 0 and
DφT (0) = id × RT , where RT is the rotation counterclockwise of angle T .
Using the parametrization Φ we define a flow φ′T : M → M as follows: if
q /∈ U˜ × V , then φ′T (q) = id. If q ∈ V × U˜ , then
φ′T (q) = Φ ◦ φT ◦ Φ
−1(q).
Take gT = f ◦ φ
′
T . Our perturbation does not affect the orbit of tz˜, this
implies that hiT (t) is not affected for i = 0, . . . , jt, in particular, h
jt
T (t) =
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hjt(t) and the linear holonomy is given by
HTt = H
s
f i(tz˜),h(t)
◦Df iz˜(s) ◦DΦ(0) ◦Rt ◦ (DΦ(0))
−1 ◦Hut,ttz .
Furthermore,
(
HT
h(t)
)jt−1
=
(
Hh(t)
)jt−1.
For T > 0 small, gT is C
r-close to f and it holds that
(
HTt
)jt
({eu(t), es(t)}) ∩ {eu(hjt(t)), es(hjt(t))} = ∅.
Observe that gκT |Sp˜ = f
κ|Sp˜ . Since h
jt(t) is a density point of K and for the
points of K the Oseledets splitting varies continuously, we conclude that gT
is twisting. 
As a consequence of this lemma and theorem 3.11, we have the following
theorem.
Theorem 4.2. Let f ∈ CBrleb(M) be a diffeomorphism such that (f,Dfc)
is pinching. Then arbitrarily Cr-close to f , it exist Cr-open sets, inside
CBrleb(M), of diffeomorphisms with positive integrated center Lyapunov ex-
ponent.
Proof. By lemma 4.1, arbitrarily Cr-close to f there exists a diffeomor-
phism g which is pinching and twisting. By theorem 3.11, we conclude that
L(g, µ) > 0. By lemma 3.10, we obtain that L(., µ) is positive in a Cr-
neighborhood of g, since otherwise g would be accumulated by diffeomor-
phisms admiting a su-state, which would imply that g has a su-state. 
Remark 4.3. Using theorem 8.3, we can conclude that the Cr-open sets
in the statement of theorem 4.2 is among the partially hyperbolic volume
preserving Cr-diffeomorphisms, not necessarily skew products.
We will need the following theorem.
Theorem 4.4 (Theorem 1.2 in [16]). Let f be a volume preserving, Cr-
diffeomorphism of a compact manifold M of dimension d ≥ 2. Then ar-
bitrarily C1-close to f it exists a volume preserving Cr-diffeomorphism g
without zero exponents on a set of positive measure.
In our scenario, we want to use a fibered version of theorem 4.4. For that
we need the following lemma.
Lemma 4.5. Let Diffrleb(S) be the space of C
r-diffeomorphisms of S that
preserve the Lebesgue measure. If g ∈ Diffrleb(S) is sufficiently C
1-close to
the identity, then it exists a smooth path (gt)t∈[0,1] ⊂ Diff
r
leb(S) connecting
g to the identity such that for any t ∈ [0, 1], gt is C
1-close to the identity.
Proof. This proof uses several basic tools from symplectic geometry which
we will not define, but we refer the reader to [11], chapters 3 and 9, for all
the definitions and results that we use here.
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Let ω be the volume form that generates leb on S. Since S is a surface,
we have that (S, ω) is a symplectic manifold and the volume preserving
diffeomorphisms are the symplectomorphisms of this manifold.
We consider two other symplectic manifolds (S×S, π∗1ω−π
∗
2ω), where πi
is the projection on the i-th coordinate, and the cotangent bundle (T ∗S, ω0)
with the canonical symplectic form. Let ∆ be the diagonal on S×S. It is well
known that ∆ is a Lagrangian submanifold of S×S and that the zero section
is a Lagrangian submanifold in T ∗S. By Weinstein’s tubular neighborhood
theorem (chapter 9 of [11]), it exists a smooth symplectomorphism ϕ : U1 →
U2 taking ∆ to the zero section, where U1 is a neighborhood of ∆ and U2 is
a neighborhood of the zero section.
If g is a Cr-symplectomorphism sufficiently C1-close to the identity, then
graph(g) is contained in U1. Furthermore, its graph is a C
r-Lagrangian sub-
manifold. Using ϕ, graph(g) is identified with a Cr-Lagrangian submanifold
Γg of U2. Since the zero section is transverse to the fibers in T
∗S and Γg is
C1-close to the zero section, we have that Γg is also transverse to the fibers in
T ∗S. Thus, it exists a 1-form ν with regularity Cr such that Γg = graph(ν).
It is true that the graph of a 1-form ν is Lagrangian if and only if dν = 0.
Consider the smooth family of 1-forms νt = (1 − t)ν, for t ∈ [0, 1]. Observe
that dνt = 0 and that νt is a path connecting ν to the zero form. Hence, the
family (graph(νt))t∈[0,1] is a smooth family of C
r-Lagrangian submanifolds
which are C1-close to the zero section. Using ϕ and a transversality argu-
ment again, we obtain that each of these graphs defines a Cr-diffeomorphism
gt : S → S which is C
1-close to the identity. Furthermore, since its graphs
are Lagrangian submanifolds, it holds that gt is a symplectomorphism for
each t ∈ [0, 1]. Thus, we have obtained a smooth family of symplectomor-
phisms (gt)t∈[0,1], verifying the conditions of the lemma. 
Conclusion of the proof of theorem A. We claim that the pinching condition
is C1-dense inside CBr,αleb (M). Indeed, let f ∈ CB
r,α
leb (M) and let p˜ ∈ M˜ be
a periodic point for f˜ . For simplicity, suppose that p˜ is a fixed point and fix
a small open neighborhood U˜ ⊂ M˜ of p˜ such that in a trivialization chart
of the bundle M , a neighborhood of Sp˜ is given by U˜ × S.
Consider fp˜ = f |Sp˜ . By theorem 4.4, it exists g : S → S volume preserving
which is C1-close to fp˜. Take G = f
−1
p˜ ◦ g and observe that G is C
1-close
to the identity. Let (Gt)t∈[0,1] be the smooth path connecting h to the
identity given by lemma 4.5. Fix ρ > 0 small enough such that the ball,
B˜(p˜, ρ), of radius ρ and center p˜ is contained in U˜ . We define the fibered
diffeomorphism
G : B˜(p˜, ρ)× S → B˜(p˜, ρ)× S
(q˜, t) 7→ (q˜, Gd(p˜,q˜)
ρ
(t)).
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We can extend G to a diffemorphism which is the identity outside U˜ × S
and inside this neighborhood coincides with G. We also denote this diffeo-
morphism by G. Since Gt is C
1-close to the identity, we have that G is also
C1-close to the identity. Also observe that G ◦ f |Sp˜ = g, which has positive
integrated Lyapunov exponent. Hence, G ◦ f is pinching, which proves the
claim.
Since the pinching condition is C1-dense, using theorem 4.2 we finish the
proof of theorem A. 
5. The proof of theorem B
Let σ : Σ → Σ be a hyperbolic homeomorphism and FBr,α
2
leb (Σ × S) be
the set of fiber bunched skew products defined in section 2. By the results
in section 3 the linear and non-linear holonomies are well defined inside
FBr,α
2
leb (Σ× S). Similar to lemma 4.1, but in the scenario of theorem B, we
have the following lemma.
Lemma 5.1. If f ∈ FBr,α
2
leb (Σ × S) is a fiber-bunched cocycle such that
(f,Dfc) is pinching for the periodic point p˜, then it exists g ∈ FB
r,α2
leb (Σ ×
S) arbitrarily Cr-close to f such that the cocycle (g,Dgc) is pinching and
twisting. Moreover, gκp˜ = f
κ
p˜ , where κ ∈ N is the period of the periodic point
p˜ for σ.
Proof. The proof follows the same steps as the proof of lemma 4.1, the only
difference is in the construction of the vector field Xˆ defined in (6). Let us
explain how to adapt the construction of such vector field. Let K ⊂ {p˜}×S,
t ∈ K, z˜ ∈W sloc(p˜), tz˜ = h
u
p˜,z˜(t), V ⊂ {z˜} × S and U˜ ⊂ Σ be as in the proof
of lemma 4.1.
Write tz˜ = (t1, t2). Consider V
′ ⊂ V a small neighborhood of t2 inside
V and ϕ : D → V ′ be a Cr-parametrization from the unit disc D onto V ′
such that ϕ(0) = t2. Let U = B(t1, δ) be the ball inside Σ centered in t1
with radius δ > 0 small enough such that U ⊂ U˜ . Consider ρ1 : U → [0, 1]
defined by ρ1(x˜) =
d(x˜,∂U)
δ
, where ∂U is the boundary of U . We remark that
the function ρ1 is Lipschitz continuous. Take ρ2 : [0, 1] → [0, 1] a smooth
bump function as in the proof of lemma 4.1 and consider X(r′, θ) = r′ ∂
∂θ
to
be the vector field on D using polar coordinates. On U × D consider the
vector field defined on each fiber by
Xˆ(y, r′, θ) = ρ1(y)ρ2(r
′)X(r′, θ) ∈ {y} × T(r′,θ)D.
The vector field Xˆ induces a fibered flow, which we denote it by φt. Let
Φ : U ×D → U × V ′ be defined by Φ = Id×ϕ and for each t ∈ R we define
φ′t = Φ ◦ φt ◦ Φ
−1. In the same way as in the proof of lemma 4.1 we have
that φ′t extends to a homeomorphism gt : Σ×S → Σ×S, which is C
r on the
fibers. Furthermore, Dgt(tz˜) = Dϕ(0)Rt(Dϕ(0))
−1. The rest of the proof is
the same as before. 
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Using lemma 5.1, we can prove in the same way as in theorem 4.2 the
following theorem.
Theorem 5.2. Let f ∈ FBr,α
2
leb (Σ×S) be a skew product such that (f,Dfc)
is pinching. Then arbitrarily Cr-close to f , it exist Cr-open sets of skew
products with positive integrated center Lyapunov exponent.
Using theorems 4.4, 5.2 and lemma 4.5, and following the same construc-
tions in the conclusion of the proof of theorem A, we can conclude the proof
of theorem B.
6. Proof of theorem C
Recall that p is a probability measure on {1, · · · , d}, for some d ∈ N, and
given (f1, · · · , fd) ∈ Diff
r
leb(S)
d we are interested in studying the random
product generated by this set with distribution p. This random product can
be seen as the skew product
f : {1, · · · , d}Z × S → {1, · · · , d}Z × S
((xj)j∈Z, t) 7→ ((xj+1)j∈Z, fx0(t)),
with the measure µ = pZ × leb. The proof of theorem C follows the same
lines as theorems A and B, but the perturbations are simpler.
Observe that in this scenario, the local linear and non-linear holonomies
are just the identity maps. This follows because the skew-product is constant
on open sets of {1, · · · , d}Z.
We say that a random product is pinching if it exists i ∈ {1, · · · , d}
such that fi has positive Lyapunov exponent on a set of positive Lebesgue
measure. The definition of twisting remains the same as definition 3.8, but
considering the fixed point given by the constant sequence formed by i.
Lemma 6.1. Consider the random product formed by (f1, · · · , fd) ∈ Diff
r
leb(S)
d
and probability p. If (f,Dfc) is pinching, then it exists (g1, · · · , gd) ∈
Diffrleb(S)
d arbitrarily Cr-close to (f1, · · · , fd) such that (g,Dgc) is twist-
ing.
Proof. The only difference from the proof of this lemma and lemma 5.1
is that we want to produce the twisting property just by perturbing one
of the diffeomorphisms considered in the random product. Since (f,Dfc)
is pinching, it exists i ∈ {1, · · · , d} such that fi has positive Lyapunov
exponent on a set of positive measure. Consider the fixed point p˜ = (p˜j)j∈Z,
where p˜j = i for every j ∈ Z. Fix l ∈ {1, · · · , d} such that l 6= i and consider
the point z˜ = (z˜j)j∈Z, where z˜1 = l and z˜j = i for j 6= 1. Observe that z˜ is
a homoclinic point of p˜.
Take K ⊂ {p˜} × S, t ∈ K, tz˜ = h
u
p˜,z˜(t) and V ⊂ {z˜} × S be as in the
proof of lemma 4.1. Notice that since the holonomies are the identity, tz˜ = t.
Let V ′ ⊂ V and ϕ : D → V ′ be a Cr-diffeomorphisms such that ϕ(0) = t.
Using polar coordinates, consider X(r′, θ) = r′ ∂
∂θ
. Take ρ : [0, 1] → [0, 1] a
bump function as in the proof of lemma 4.1 and consider the vector field
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X ′(r′, θ) = ρ(r′)X(r′, θ). For each t ∈ R, let φt be the time t of the flow on
D generated by X ′. Define a flow on V ′ by
Φt = ϕ ◦ φt ◦ ϕ
−1.
Since Φt is the identity on a neighborhood of the boundary of V
′, we can
extend it to a flow on S, which is the identity outside V ′. We also denote
this flow by Φt. For each t ∈ R consider the diffeomorphism g
t
l = fl ◦ Φt.
For t small, gtl is C
r-close to fl. By similar arguments as in the proof of
lemma 4.1, we can find t ∈ R arbitrarily small such that the random product
formed by (g1 · · · , gd), with gj = fj if j 6= l and gl = g
t
l , is twisting. 
By theorem 4.4, the pinching condition is C1-dense in Diffrleb(S)
d. Using
theorem 5.2 and following the same steps in the conclusion of the proof of
theorem A we conclude the proof of theorem C.
7. The proof of theorem D
Notice that in the proof of theorems A, B and C, the only place where we
use C1-perturbations is to use theorem 4.4, which states that by arbitrarily
small C1-perturbation one can get the pinching condition. All the other
perturbations that we make are Cr. In a recent work, Berger and Turaev
proved the following interesting result.
Theorem 7.1 (Theorem A in [5]). For any surface S, if a diffeomorphism
f ∈ Diff∞leb(S) has a periodic point which is not hyperbolic, then there is
an arbitrarily small C∞-perturbation of f such that the perturbed map g ∈
Diff∞leb(S) has a set of positive measure with positive Lyapunov exponents.
In the setting of theorem D, if fp˜ has an elliptic periodic point, since
elliptic periodic points are robust and using that Diff∞leb(S) is C
r-dense in
Diffrleb(S) (see [1]), then C
r-close to fp˜ there is a diffeomorphism with pos-
itive exponents in a set of positive measure. With the same constructions
as before we obtain that in this scenario, arbitrarily Cr-close to f there is a
map which is pinching and twisting, which concludes the proof of theorem
D.
8. u-states are closed
This section is devoted to prove the u-states converge to u-states. This
result maybe of independent interest we prove a more general version here.
During the preparation of this paper a proof of this fact was given by Liang,
Marin and Yang [15] for the volume preserving case using recent results
about entropy [22]. Our proof is more direct and does not use entropy.
Let fk : M → M be sequence of partially hyperbolic maps admitting
linear holonomies converging C1 to f and E be a fiber bundle over M with
smooth fibers E . We say that a sequence of cocycles F k : E 7→ E over
fk converges to F : E 7→ E if F
k converges C0 to F and the holonomies
converges uniformly in local unstable manifolds.
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By remark 3.6 if fk ∈ SP
r
leb(M), fk → f in C
1 and have the C1+α norm
uniformly bounded then Fk → F .
This kind or results was proved for other particular cases, for example [22]
where they proved it when fk are equal to a fixed Anosov map, [20] where
this is proved for fk a fixed partially hyperbolic map. The principal dificulty
here is that the base map is no longer fixed.
We want to prove that if probability measures mk on E are F k-invariant
u-states and mk → m then m is an u-state for F .
First let us focus on the smooth case. We actually prove a more general
version than we need here, we prove that the u-states are closed for every
volume preserving partially hyperbolic map (not necessarily a skew product).
The proof will be an adaptation of the proof of [20, Theorem A.1] where
the result was proved when the base map is fixed and the cocycle is inde-
pendent of the base map.
Take H = [−1, 1]du and V = [−1, 1]dcs lets write (x, y) ∈ [−1, 1]d where
x ∈ H and y ∈ V . For each p ∈ M and f C1 partially hyperbolic diffeo-
morphism we call a Ho¨lder continuous map Θf : [−1, 1]
d → V ⊂M foliated
chart centered at p, if
• Θf (H × {y}) ⊂W
uu
loc (Θf (0, y)),
• f 7→ Θf is continuous in the C
0([−1, 1]d) topology in a neighborhood
of f ,
• for each y ∈ V , Θf,y := Θf |H×{y} is C
1 and f 7→ Θf,y is continuous
in the Cr(H) topology in a neighborhood of f ,
• Θf |{0}×V is C
1, moreover we can take Θf ({0}×V ) = Γ constant in
a neighborhood of f .
Lemma 8.1. Let f : M → M be partially hyperbolic C1+α, α > 0, diffeo-
morphism and Θ : H × V → V be a foliated chart, then the pull back of the
Lebesgue measure η = Θ−1∗ vol |V has the form ρfdxdy, where dxdy is the
usual volume form in H × V and ρf varies continuously with f with respect
to the C1 norm in subsets of C1+α bounded norm.
Proof. Let ν = vol |V and take the disintegration of ν into local unstable
manifolds ν = νy′dνΓ where y
′ ∈ Γ = Θ({0}×V ), by the absolute continuity
of the unstable foliation νΓ is the (normalized) lebesgue measure on Γ and
νy′ = ̺fvolWu(y′) where ̺f is defined up to normalization by
(7)
̺f (x
′)
̺f (y′)
= lim
n→−∞
detDfn |Wu(x′)
detDfn |Wu(y′)
moreover the limit in (7) is uniform in subsets of bounded C1+α norm. So,
normalizing as νy′(H × y
′) = 1, ̺f depends continuously on f with respect
to the C1 topology in subsets of bounded C1+α norm.
Disintegrating η in horizontals we have η = ηydηV , where ηy = Θ
−1
∗ νΘ(y)
and ηV = Θ
−1
∗ νΣ.
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Let ϕ : H → R be a continuous function, then∫
ϕdηy =
∫
ϕ ◦Θ−1(t)νΘ(y)(t)
=
∫
ϕ ◦Θ−1(t)̺f (t)d volWu(Θ(y))(t)
=
∫
ϕ|detΘy(t)|̺f (Θ(t))dx
.
So ηy = ρ
′
f (·, y)dx where ρ
′
f is continuous and depends continuously on
f . Analogously ηV = ρ
′′
fdy, then by Fubini η = ρfdxdy, with ρf continuous
on f . 
Now lets define our foliated charts for the skew products over hyperbolic
homeomorphisms.
Fix a local chart given by the product structure
θ : W sloc(x˜0)×W
u
loc(x˜0)→ V ⊂ M˜ , θ(x, y) = [x, y].
Let xu ∈ W uloc(x˜0) be fixed, for any x˜ = (x
−, x+) ∈ W sloc(x˜0) ×W
u
loc(x˜0),
let φ(x˜) = [x−, xu] and then define
Θ(x˜, t) =
(
x˜, huϕ(x˜),x˜(t)
)
.
This local chart sends {x−} × W uloc(x˜0) × {t} to W
uu
loc (x
−, xu, t). Take
H = W uloc(x˜0) and V = W
s
loc(x˜0) × S, then the foliated chart is given by
Θ : H × V 7→ V.
As hu
ϕ(x˜),x˜ preserves the volume on S the next lemma follows
Lemma 8.2. Let σ : Σ→ Σ be a hyperbolic homeomorphism with invariant
measure µˆ and f ∈ SP r,ασ,µ (Σ× S), then Θ∗µ˜× leb = µ˜× leb.
Now we can prove that u-states converges to u-states in both cases. Let
fk be a partially hypebolic volume preserving map or fk ∈ SP
r,α
σ,µ (Σ × S),
that converges to f in the corresponding topology. We have our theorem
Theorem 8.3. Let Fk → F and m
k be u-states converging weakly to m,
then m is an u-state for F .
Proof. Let µ be the lebesgue measure if we are in the partially hyperbolic
volume preserving case or µˆ× leb in the other case.
Denote by Θk : H ×V → V the foliated chart for fk and let η
k = Θ∗kµ |V .
By lemmas 8.1 and 8.2 we can write ηk = ρkη for some ρk : H × V → R,
where η = Θ∗µ |V , moreover there exist 0 < c < C such that c ≤ ρk ≤ C.
Observe that it is sufficient to prove the result locally, so we can suppose
that the projective tangent bundle is locally a product V × E .
Define Hk : H × V × E → H × V × E as
(x, y, v)→ (x, y,Hu,kΘk(x,y),Θk(0,y)(v))
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Let mˆk =
(
Θ−1k × id
)
∗mk |V×E , define m˜
k = Hk∗mˆ
k. Observe that mk is
a u-state if and only if the disintegration of m˜k with respect to the projective
fibers is such that
(8) m˜k(x,y) = m˜
k
(x′,y) for η-almost every (x, y), (x
′, y) ∈ H × V.
Denote by B0 the sigma algebra of sets H × {y}, y ∈ V , then (8) is
equivalent to p 7→ m˜kp being B0 measurable.
So we are left to prove that mk → m implies that p 7→ m˜p is also B0
measurable.
We follow the proof of [20, Proposition A.7] where this was proved for
cocycles with a fixed base map. In order to do this we first need to adapt
Lemma A.3 and Lemma A.4 of [20] to our scenario.
Lemma 8.4 (Addaptation of Lemma A.3). Let φ : H × V × E → R be a
measurable bounded function such that for every p ∈ H × V , v 7→ φ(p, v) is
continuous, then
∫
φdmˆk →
∫
φdmˆ.
Proof. To simplify the notation let Θˆk := Θk × id. Recall that Θ
−1
k ∗
µk |V=
ρkη is the projection of mˆ
k = (Θˆk)∗m
k.
We have ∣∣∣∣
∫
φ ◦ Θˆ−1k dm
k −
∫
φ ◦ Θˆ−1dm
∣∣∣∣ ≤∣∣∣∣
∫
φ ◦ Θˆ−1k − φ ◦ Θˆ
−1dmk
∣∣∣∣+
∣∣∣∣
∫
φ ◦ Θˆ−1dmk −
∫
φ ◦ Θˆ−1dm
∣∣∣∣.
By [20, lemma A.3] the second term goes to zero when k → ∞, so we
focus on the first term.
Fix ε > 0 and take a compact set K ⊂ H × V such that η(H × V \K) <
ε
C‖φ‖ and φ is continuous in K × E . Take φ
′ : H × V × E → R a continuous
function such that φ(p, v) = φ′(p, v) for every p ∈ K, v ∈ E and ‖φ′‖ ≤ ‖φ‖,
then
∣∣∣∣
∫
φ ◦ Θˆ−1k − φ ◦ Θˆ
−1dmk
∣∣∣∣ ≤∫ ∣∣∣φ′ ◦ Θˆ−1k − φ′ ◦ Θˆ−1
∣∣∣dmk +
∫ ∣∣φ′ − φ∣∣d(Θˆ−1k )∗mk +
∫ ∣∣φ′ − φ∣∣dΘˆ−1∗ mk.
The first term goes to zero by continuity of φ′ and the second and last
term are bounded by sup{ρk}η(H × V \K) < ǫ. 
Lemma 8.5 (Addaptation of Lemma A.4). If mk → m then m˜k → m˜.
Proof. Take φ : H × V × E → R uniformly continuous, then∣∣∣∣
∫
φdm˜k −
∫
φdm˜
∣∣∣∣ ≤∣∣∣∣
∫
φ ◦ Hdmˆk −
∫
φ ◦ Hdmˆ
∣∣∣∣+
∫
|φ ◦ Hk − φ ◦ H|dmˆ
k
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The first term goes to zero by lemma 8.4 and the second one by uniform
convergence of the holonomies. 
Now the [20, Proposition A.7] can be directly addapted. So we have that
p 7→ m˜p is B0 measurable concluding the proof. 
Remark 8.6. Observe that Theorem 8.3 can be addapted to a non con-
servative setting, when µk are fk-invariant probabilities converging to an
f -invariant probability µ such that ηk = Θ∗kµk |V has the form η
k = ρkη for
some ρk : H × V → R and there exist 0 < c < C such that c ≤ ρk ≤ C.
9. Further applications and questions
In this section we explain some further applications of our techniques and
some conjectures.
9.1. Cr density. As we mentioned in section 7, the only place where we
use C1-perturbations is for theorem 4.4, which in the setting of theorem D
is replaced by theorem 7.1. Both theorems are used to obtain the pinching
property. So to prove Cr density of positive exponents using our techniques
we have to answer the following question: Is the pinching property Cr dense?
Or is Cr dense in some sub-class of diffeomorphisms?
9.2. Higher dimension. In the whole work we assume that S is a 2-
dimensional manifold. First because in the two dimensional case positive
exponents in a positive measures set implies non uniformly hyperbolicity in
this set, in higher dimension using our techniques we can only hope to have
at least one positive exponents.
As a technicall reason, we use the assumption in the proof of Lemma 4.1
to do the perturbation, we belive that this can be addapted to a higher
dimensional case (see [20] where a higher dimensional case is treated for
linear cocycles). Also we use the 2-dimensional assumption in Lemma 4.5,
we do not know if this lemma is true un for higher dimensional manifolds.
In the case o random product, as the perturbations are locally constant
we do not need the homotopy constructed in Lemma 4.5, so we conjecture
that
Conjecture. Let S be a manifold of dimension greater than 2, then there
exist a C1 dense and Cr open set of volume preserving diffeomorphisms such
that the random product has at least one positive exponent.
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